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1. INTRODUCTION

Let GG be a connected reductive algebraic group over an algebraically
closed field k£ of characteristic zero and let W be a finite dimensional
representation of G. Then G acts on the polynomial ring R = SW and
the Hochster-Roberts theorem asserts that R is Cohen-Macaulay.

A natural question would be whether the same is true for modules
of covariants, i.e. let U be another finite dimensional G-representation.
Then U ®; R is a free R-module and a natural generalization of the
Hochster-Roberts theorem would be that (U®;R)¢ is a Cohen-Macaulay
R%module. Unfortunately, it is easy to see that this cannot be true in
general (see [10, Ex. 3.1] for a simple counter example).

For an arbitrary irreducible character y, Stanley defines Rf as the
sum of all irreducible subrepresentations of R, with character y [7].

Assume that U is irreducible and let y be the character of U*. Then
it is easy to see that

G ~ TT*
R =U*® (U®R)“

as R%modules. Hence the Cohen-Macaulayness of RS is equivalent
with that of (U @ R)¢.

There is a well known conjecture, due to Stanley, that gives suffi-
cient conditions for Rf to be Cohen-Macaulay [7]. This conjecture was
proved by him if GG is a torus.

Let T' C G be a maximal torus and let X (7") be the character group of
T. The group law on X (7T") will be written additively. Let oy, ..., aq €
X(T) be the weights of W (taken with multiplicity).

Let x € X(T). Then Stanley says that x is critical for (T, W) if the
following condition is satisfied :

The system

(1) 2100 F - 2Zgag = X
1
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has a rational (or equivalently real) solution (ui,...,us) with the fol-
lowing properties :
® U; S O
e if (by,...,by) is an integer solution to (1) such that b; > u; then
b; > 0 for all 7.
(Note that it makes sense to speak of a rational solution to (1) because
X(T) is a torsion free abelian group.)

A character is clearly critical if it is of the form > w;a;, —1 < u; < 0.
We will call such a character strongly critical for (T, W). This notion
is useful because it is somewhat easier to check that a character is
strongly critical than that it is critical.

Let x be an irreducible character of G. Then x | T = x1 + -+ + Xu
where y; € X(T). Let ® be the set of roots of G. Then Stanley calls y
critical for (G, W) if x; —>_ g p is critical for (T, W) for all 1 <i <u
and for all S C .

Again we will say that x is strongly critical for (G, W) if all x; —
> pes p are strongly critical for (7, W).

Conjecture 1.1. [7] If x is critical for (G, W) then RY is Cohen-
Macaulay.

In this paper we will prove a different criterion, in terms of one-
parameter subgroups, for the Cohen-Macaulayness of RS (Theorem
1.2). This result allows us to prove a large part of Stanley’s conjecture
(see Theorem 1.3 below).

Let x € X(T), A € X(T)*. Define

2) L={ie{l,....d} | (\a) >0}

Then we say that x is good for (T, W, ) if y is not of the form Z?Zl a;c
where (a;);=1,..q4 is a set of integers with the property that a; < 0 if
i € I\ and a; > 0 otherwise. We say that x is good for (T, W) if y is
good for all (T, W, \) with A # 0.

Now let x be an irreducible character of GG, with corresponding high-
est weight yp;. Then we say that x is good for (G, W) if for all S C ®,
Xni — D ,es P s good for (T, W).

Denote X = Spec R. Let us call a point on X stable if it has a closed
orbit and finite stabilizer.

We prove the following result :

Theorem 1.2. Assume that X has a G-stable point. Let x be an irre-
ducible character of G, good for (G, W'). Then R)f 1s Cohen-Macaulay.

Note that the spirit of 1.1 and 1.2 is that for Rg to be Cohen-
Macaulay, x should be “small” in comparison with W.
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As a corollary to Theorem 1.2 we obtain the following result :

Theorem 1.3. Assume that X has a G-stable point. Let x be an
wrreducible character of G. Suppose that one of the following is true :
(1) x is strongly critical for (G, W).
(2) x is critical for (G, W) and every G-invariant subspace of codi-
mension one 1 X has a T-stable point.
Then Rg is Cohen-Macaulay.

This theorem may be used in conjunction with the following obser-
vation :

Proposition 1.4. Assume that G is semisimple and that X has a G-
stable point. Let x be an irreducible character of G such that RS #0.
Then x will be critical for (G, W) if and only if it is strongly critical
for (G, W).

The foregoing results will be proved in section 6.

Let h = dim R® and let X be the null cone in X. Our approach,
to study Cohen-Macaulayness of Rf, will be based on the following
lemma :

Lemma 1.5. [10] Rfj is Cohen-Macaulay if and only if there is no
representation with character x in Hi.(X,0Ox) fori=0,...,h — 1.

This lemma reduces the problem to the computation (or at least
estimation) of H%.(X, Ox). To this end we develop a generalization of
the well known stratification of X*, due to Hesselink [2]. This, together
with the observation that cohomology with support is a special case of
relative algebraic De Rham homology, allows us to construct a spectral
sequence which abuts to Hi.(X,Ox). We then bound the terms in
this spectral sequence.

This approach is inspired by the one used in [10]. However this paper
is independent of [10]. On the other hand, essential use is made of the
results in [9], which handled the torus case.

An interesting question remaining is whether our methods suffice to
give a new proof of the Hochster-Roberts theorem. We may use the
Luna-Richardson restriction theorem [4] to reduce to the case where X
has a stable point. Furthermore we may assume that dim X" > dim G
since otherwise it is well known that the problem is trivial. The ques-
tion is now whether, under these hypothesis, the trivial representation
is good for (G, W). I don’t know this.

If G is a torus then the trivial representation is always (strongly)
critical. This is not true in general however, as the following easy
example shows.
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Example 1.6. Let V be a 3-dimensional k-vectorspace. Define G =
SI(V) and W = V%, Then X has a G-stable point and dim X* > dim G.
The trivial representation is not critical but it is easy to see that it is
good. This shows that sometimes Theorem 1.3 is better than conj. 1.1.

This paper is organized as follows :

In section 2 we introduce some often used notations.

In section 3 we review algebraic De Rham homology.

In section 4 we develop a generalization of the classical stratification
of X™.

In section 5 we construct a spectral sequence, abutting to Hi. (X, Ox).

In section 6 we apply the results of section 4 and 5 to give the proofs
of Theorems 1.2 and 1.3.
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2. NOTATIONS AND CONVENTIONS

In the sequel k will always be an algebraically closed field of charac-
teristic zero.

If G is a linear algebraic group over k then Wg will be the Weylgroup
of G. Y(G) will be the pointed set of one-parameter subgroups of G.

If A is an abelian group then Ag will be defined as R ®y A.

If T is a torus over k then the character group of T" will be denoted
by X(T') and the group law will be written additively. Since T is
a torus, Y (T') also carries an abelian group structure and there is a
natural pairing Y(7T') x X(T) — X(G,,) = Z given by composition.
This pairing will be denoted by ( , ). We will extend this pairing
to Y(T')r x X(T)g. The pairing ( , ) allows one to identify Y (7'
with X (T)*.

If P C G is an algebraic subgroup of G and X is a scheme with
a P-action then G x¥ X = G x X/P. There is a natural projection

map G x” X — G/P given by (g, x) — g, with fibers isomorphic to
X. Taking the fiber over [P] in G/P induces an equivalence between
the category of quasicoherent Oy r x-modules with a G-action and the
category of quasicoherent O x-modules with a P-action. The inverse of
this equivalence will be denoted by ~.
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3. ALGEBRAIC DE RHAM HOMOLOGY

In this section we collect the results and definitions we need from
[1]. The only thing new is the somewhat greater generality in which
Tr, and 7, are defined.

We will fix some base scheme S over k.

An embeddable S-scheme 6 : T' — S will be an S-scheme such that
the structure map 6 factors as

T —
(3) N

e
e

where the horizontal map is a closed immersion and the vertical map
is smooth.

Let n be the relative dimension of X/S and let /s be the relative
De Rham complex. Then the relative De Rham homology HP®(T'/.S)
is defined as R*" 0, (Qyg). Here Or, is the composition 6.L  (where
LT denotes the sheaf of sections with support in 7'). It can be shown
that this definition is independent of X.

We will use relative algebraic De Rham homology as a generalization
of homology with support.

Lemma 3.1. Assume that 6 : T — S is a closed immersion. Then
HPMT/S) = Hy (S, Os)
Proof. Clear. U

In [1] the properties of relative algebraic De Rham homology are
proved through the use of a canonical injective resolution 0 — €2, /s
E(Qy/5) Then

HP™(T/S) = H*" T (0.L(E(Qx/s)))

Relative algebraic De Rham homology is a covariant functor for proper
maps. lLe. if # : 7" — T is a proper map between embeddable S-
schemes then there is a map =, : H’®(T'/S) — HPR(T/S). The
construction of 7, is somewhat involved and is explained below.

It is possible to construct a commutative diagram of S-schemes

T — X'
| = I =
T — X

where the horizontal maps are closed immersions, X', X are smooth
over S with structure maps €', 6 and 7 : X’ — X is smooth. Let n/,
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n be the relative dimensions of X’ and X over S. There is a certain
canonically defined map, called the trace map

Tre ML (B(@)[20) — L (B(Q5)(20])
Applying the functor 6, yields a map
0.(Tr,) 1 0L, (B(Qyys)20)) — 0.0, (B(Sy,5)[2n])

*:’1"/
Then 7, is defined as the map induced on homology by 6. (Tr).
For a diagram

T < X
! L

T/ PN X/
! L
T — X

we have that

(4) Trron = (Try) o (7 Trp)
Taking homology yields that

(5) (rom'), =m.om,
The following lemma will be used :

Lemma 3.2. Assume that 7 : T' — T is a proper map between embed-
dable S-schemes, of finite type over the groundfield. Assume further-
more that 7 is settheoretically a bijection. Then w, defines an isomor-
phism between HPR(T'/S) and HPR(T/S).

Proof. We use induction on the dimension of 7'. The lemma is clearly
correct if dim7" = 0. In general, since we are in characteristic zero,
there will be a dense open U C T such that 7 defines an isomorphism
between 7=1(U) and U. Therefore 7, defines isomorphisms between
HPR(r=Y(U)/S) and HPR(U/S) and between HPX(T' — 7=1(U)/S)
and HP®(T — U/S) (induction). The lemma now follows from the five
lemma and the relative version of [1, Th 3.3]. O

We will have to define Tr, and m, in a slightly more general situation :
Assume that there is a commutative diagram

Y/"—>T/"—>X/

! ! b
Y - T — X

where the horizontal maps are closed immersions and 7 is a smooth
map between smooth S-schemes X', X with relative dimension n’, n
over S.
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Let U =T'—Y’, U = T—Y and denote the injections X' —Y"’ — X',
X—-Y < X by i and i. Then we may construct a commutative diagram

(6)

0 — mL  (BQy )20 — mL,(E@Qy, )20 — mil (EQy, )20 — 0
| Trr | Trr IF
0 — L (BEQy,g)2n]) -  L(BEQy,s)2n]) - Ly (B(Qx_yg)2n]) - 0

Assume now that we have another diagram

}/'1/ N T{ PN XI

l l L=

Y, & T7 — X
where Y/ CY' T CcT ) YyCY, Ty CTand T|-Y] =U"T1-Y, =U.
The injections X' — Y/ — X', X —Y¥; — X will now be denoted by 4}
and ;. Using a similar diagram as (6) we may construct a map

Fi s it Ly (B(Qx_yys)[20]) = mainnL (B(Qx_y,5)[20)

Combining the diagrams for F' and F; yields a commutative square

T Ly (E(Qy_yy 9)20]) — mailL (B(Qx _y)5)[20])

lFl lF
rin Dy By s)20) —  miL, (B(Qx_ys)2n])

where the horizontal maps are obtained from the injections X — Y’ —
X —-Y/, X —-Y — X —Y;. Hence these horizontal maps are isomor-
phisms. This means that, in an appropriate sense, F' depends only on
the data (U,U’, X, X', m) and not on the particular choice of (T',T").
Therefore F will be denoted by Tr, in this more general setting, even
if 7 does not restrict to a map U’ — U.

Tr, still satisfies the compatibility condition for compositions of
maps (4).

Let 6 be the structure map of X. Applying the functor 6, to F and
taking homology, yields a map

HPM(U'/S) — HP™(U/S)
which we will also denote by .. It is easy to see that (5) still holds.
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4. THE STRATIFICATIONS

Let G be a connected reductive group over k and let 7', B be resp.
a maximal torus in G and a Borel subgroup containing 7. Denote by
® the set of roots of G.

We will choose a positive definite, W invariant, quadratic form
(, )onY(T)g. The corresponding norm will be denoted by || |
Y (T)g will be partially ordered by putting A < X if ||[A|| < [|N]|.

W will be a finite dimensional G-representation. Let wq,...,wy be
a basis of W for which the action of T is diagonal with corresponding
weights oy, ..., aq € X(T).

Let R = SW and X = Spec R. The closed points of X correspond
to the elements of W* and hence X is a linear space, spanned by the
dual basis w7, ..., w}, on which T" acts with weights —ay,..., —ay.

For A € X(T'), define

Xy={reX| Pr%)\(t)a: =0}

Py ={g €G] Pr% A#)gA(t) ™! exists}

Clearly P\X, = X,. Furthermore, it follows from [5, Prop. 2.6] that
P, is a parabolic subgroup of G.

It is easy to see that X, is a linear subspace spanned by those w}
such that (A, a;) < 0. P, is the subgroup of G containing 7" and having
roots p € ® such that (X, p) > 0. These descriptions still make sense
for A € Y(T)g. Hence the notations X, and P, will also be used
in this more general setting. It is still true that P, is parabolic and
P, X, = X,.

If A € Y(T)r then we define Y, to be the linear subspace of X
spanned by those w} such that (\ «;) < —1. By going to the Lie
algebra we see that P\Y), = Y,. Also X, =Y, for n > 0.

If U C Y(T)gr then we define Xy = |J,., Xa. If P is a parabolic
subgroup of GG, containing T then

Ap={AeY(T)r| PnD P}
Le.
Ap={XeY(T)r | (A, p) >0 for all roots p of P}

Note that any element of Y (7')g is conjugate to a unique element of
Ag.

Xp will be defined as X 4,,. Using this notation, the Hilbert Mumford
criterion may be written as

(7) X =GXp
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In this section we seek to stratify PXpg for P a parabolic subgroup G
containing B. This stratification will be the basic technical tool in the
next section.

The stratification of X* = GXp corresponds to that of [2] and [3].
See however remark 4.5 below.

T defines an apartment in the Tits building defined by G. This is
a Coxeter complex in the sense of [8]. We will use the geometrical
realization from [6] of this complex.

The faces are the sets Ap C Y (T)r defined above. The faces of
maximal dimension (the “chambers”) are those Ap where P is a Borel
subgroup of G.

Cham St P is defined to be the union of those chambers containing
Ap. This is a convex set according to [8, prop. 2.7] and [6]. If P D B
then it follows from [8, p. 17] that

Cham St P = | ] Ap
weWp
If A € Y(T)g then Cham St P, is the union of the chambers containing
A. Hence ) is an interior point of Cham St Pj.
If P, P" D B are parabolic subgroups of GG then it is easy to see
that the sets Cham St P N Cham St P’ and Cham St P N P’ contain
the same chambers. Since Cham St PN Cham St P’ is convex complex,

containing the chamber Ag, it must be a union of chambers [8, cor.
2.21].
Therefore we deduce

Cham St P N Cham St P’ = Cham St PN P’
Now we start with some preparatory work
Lemma 4.1. Let A, N, N € Y(T)r such that X" € [\, X']. Then
YANYy CYw

Proof. Y\NY)y is spanned by those w} such that (A, ;) < —1, (N, ) <
—1. This implies (A", a;) < —1. O

This lemma will be used in the following setting

Lemma 4.2. Assume that D C D’ are convex subsets of Y (T)g. Let
Axe D, NeD, ||IN| <A, A# XN and assume that X is in the relative
interior of D in D'. Then there exists a " € D such that N < \ and
Y,NYy C Y.

Proof. Our hypothesis imply that there exists a \” €]\, '] N D. Using
lemma 4.1, it is easy to see that \” has the required properties. 0
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Lemma 4.3. Let £ C X. Then the set
(8) {)\EAB|ECY)\}

1s closed convexr and hence, if it is non empty, it contains a unique
mainimal element.

Proof. Standard, using the definition of Y, and lemma 4.1 0

Let B be the set of elements of Ag that occur as minimal elements
of sets of the form (8).

Lemma 4.4. B is a finite set.
Proof. Define
Sp={ie{l,...,d} | Jx € E,z; # 0}
Then the set (8) is equal to the set
{NeAp | (M a;) < —1,Vi € Sg}

Since there are only a finite number of possibilities for Sg, B must be
a finite set. 0

Remark 4.5. B will be the indexing set for our stratifications of the
sets PXp. This indexing set does not correspond completely to the
one used in [2] and [3]. In particular a stratum that will be indexed by
A in our sense, will be indexed by A/||A||? in [2] and [3].

Furthermore there are elements in B that do not index strata in
X" = GXp in the sense of [2] and [3]. It turns out that our strata
are empty in this case. However this is not necessarily true for the
corresponding strata in PXg, P # G.

Lemma 4.6. Let A\ € Ap. Then there exists a N € B, |N] < ||l
such that Yy C Yy

Proof. Clear from the definition of B. U

Lemma 4.7. Let A € A and let P be a parabolic subgroup of G,
containing B. Then PY), PX, are closed in X.

Proof. This follows, in a standard way, from the fact that there is a
Borel subgroup B stabilizing Y, and X,. O

If P is a parabolic subgroup of GG, containing B and A € B then we
define
SP)\:PY)\— U PY)\/

A<
XeB



MICHEL VAN DEN BERGH UNIVERSITY OF ANTWERP (UIA) UNIVERSITEITSPLEIN 1 2610 WILRIJK BEI

Lemma 4.8. Assume that P, P’ are parabolic subgroups of G such
that P, P' C P\ for some A € Y(T)g. Then Spy C Xp/

Proof. Since Xpr D Xp, it is sufficient to show that Spy C Xp,. Now,
since Xp, is P-invariant and Y, C X, this follows from X, C Xp,
which is implied by the definition of Xp, . O

Proposition 4.9. Let C C B be a set with the property that A € C,
N eB, N <X implies N €C. Then

Usea=J P1a

AeC AeC
Proof. Choose y € PY), A € C and let \' be a minimal element of B
such that N < X and y € PY)y. Clearly X' € C and y € Sp. O

Proposition 4.10.
(1) U)\eB SP,A = PXB
(2) [f )\, N S B, A 7’é N then SP,/\ N Sp7>\/ = @

Proof. (1) Using lemma 4.6 and prop. 4.9 we compute :

Use=JPva= ] P

AeB AeB A€EAB

= |J Px,\=PXp
ANEAB
(2) By symmetry we may assume that | X|| < ||A||. It is sufficient
to prove that
PY\NPYy C | PYy
)\//<>\
Using Bruhat’s lemma for P, this follows from
(9) V’LU/ S Wp, Elw” S Wp, 3/\// S AB, )\” < A Y)\ N w'Y,\/ C ”LU”Y)\N

Let \j = w'XN. Then \] € Cham St P and \| # .
To prove (9) it is sufficient to show that there exists a \| €
Cham St P, A7 < A such that

Y, N Y)\fl C YA’I’

This follows from lemma 4.2, with D and D’ both equal to
Cham St P.

U
PI'OpOSitiOIl 4.11. §P7)\ C UH/\/“S”)‘” SP)\
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Proof. Clearly Spy C PY,. But by prop. 4.9
U Sea= |J Pvvo PV

I I<[IA A I<[IA
U

Proposition 4.12. Let A\ € Ap, and assume that P is a parabolic
subgroup of G containing B. Then

(1) PSpynpa = Spa
(2) The natural map

7T P XPAHP Spkmp,)\ — Sp)\
15 settheoretically a bijection.

Proof. (1) We have to show that
P(vya— | (BAnP)Yy) =PYs— | PYy)

A< A<
\'eRB NeB

which would follow from

(10) Yy — U (PN P)Yy =Y, — U PY)y
A<\ A<
MNeAp NeAp

For this it is sufficient that for any ' € Ag, X' < A
inpPYyc | (AnPYw

A<
NMeAp

Fix X. Using Bruhat’s lemma for P and Py N P, it is sufficient
that for any w’ € Wp there are w” € Wp,ap, " € Ag, X" < A
such that

YyNw'Yy C w'Yy

Put \{ = w'X. Then \] € Cham St P. We have to find a
A € Cham St PN Py, \] < X such that

Y, N Y)\ll C YA’I’

This follows from lemma 4.2 provided A lies in the relative inte-
rior of Cham St PN P, in Cham St P. This follows from the fact
that A € (Cham St P,)° and Cham St P N Py, = Cham St P N
Cham St Py.

(2) Every element in Spy = PY\ — |J v<x PYy lies in the P-

MNeAp

orbit of some element in Yy — |J v<x PYy. Hence let y €

MNeAp
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Yy — U v<x PYy. Then one computes (= means “there is a
MNeAp

bijection”).

T ly) = {(p,y’)EPx(YA— g (PmP)YX,pr’:y}/PmP

)\//<>\
A"EAB

pE f)|]7 Yy < Y& — LJJ (fa F]lD)Y}u}U/fﬁ NP

A<
NMeAp

{pep|p vevi- U PYX}/PmP (using (10))

A<
MNeAp

= {pePlyemi— |J Pva}/PnP

A<\
MNeAp

(11) = JpePlye pY,\}/P,\ N P (using the definition of y)

1

12

Now (11) will be a singleton provided that
Y\N(P-PnP)Y,C | J PYy

A<
XeB

Again, using Bruhat’s lemma, it is sufficient to show that for
any w € Wp—Wpnp, thereexist \” € Ap, ' < Aand w” € Wp
such that

Y)\ M wY)\ C U)//Y)\//
Put X' = wA. Then ||| = ||A]| but A # X. Otherwise w € Wp,
and since w € Whp this implies w € Wpnp,, which was excluded.

We have to find A] € Cham St P, \] < A such that
YyNnYy C Y)\lll

This follows from lemma 4.2, if we put D = D’ = Cham St P.
O

Remark 4.13. Tt seems quite likely that 7 is actually an isomorphism
(if G = P then this follows from the results in [2][3]). We have not
proved this since it will not be needed in the sequel.
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5. THE MAIN STEP

5.1. Some definitions. In this section, G will be a connected reduc-
tive algebraic group with a Borel subgroup denoted by B.

If P D @ are parabolic subgroups in GG containing B and if there is
a maximal chain

Q=F~hC---CP,=P
then u will be denoted by I(P/Q). [(G/B) will be denoted by r. Define
Q = {parabolic subgroups of G, containing B}

If Q, Q' € Q then we say that @ is a face of ', if Q C Q).
It is easy to see that this definition makes Q into an abstract complex
in the sense of [8]. The faces of dimension n in Q are given by

Q. ={Q e Q[UQ/B)=n+1}
The boundary maps 0 : ZQ,, — ZQ,,_; define a set of numbers apg €
{+1,0}
Q) => ageQ'
Fix Ry C R, parabolic subgroups of G, containing B. Put [(R;/B) =
u, [(Ry/B) = r" and define
Q={QeQ|R CQC Ry}

Q;l = Ql N Qn+u
Then Q' is again an abstract complex. The corresponding boundary
maps 0" : ZQ,, — ZQ! | are now given by

Q) =Y age
Qe

If ¥ > 0 then Q' is a combinatorial simplex. Hence the reduced chain
complex

(12) 0-29., , % ... %720, -0

will be acyclic. Note however that if 7/ = 0 then (12) is not acyclic.
We will need one more abstract complex. Define

R={(P,Q)eQdxQ|QC P}

R,={(P,Q)eR|UP/Q)+n=1r—1}

We let (P,Q) be a face of (P,Q') if P D P, Q C @'. This makes R
into an abstract complex whose corresponding topological space is a
r — 1-dimensional sphere.
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We now define numbers o (pq),(p.q), Bg as follows :

ap p(—) @B S (P)P)=1,Q =@

(13)  arour.e) =14 % ifl(Q/Q)=1,P=F
0 otherwise
(Q/B)
(14) Bo = (=) 7]
Lemma 5.1.1.

(1) Let (P,Q) € Ry, (P",Q") € Rn_o such that (P",Q") is a face
of (P,Q). Assume that (P],Q}), (Py,Q4) € R,_1 are the two
faces of (P,Q) having (P",Q") as a face. Then

Q(P.Q).(P.QY)YUPLQY.(P".Q") T QPQ).(Ps.Qy) ¥(Py.Q).(P.Qm) = 0
(2) Assume that (P,Q) € R,—2. Then

Poa@.anre + Brawp),re =0
Proof. This follows by inspection. U

5.2. A spectral sequence. In this section G, B, T', X will have the
same meaning as in section 4. [(G/B) will still be denoted by 7.

We will construct a spectral sequence that will allow us to bound
Hi.(X,0Ox). To this end we use algebraic De Rham homology with
base scheme X. This idea is inspired by lemma 3.1.

If P, D P, are parabolic subgroups of G then 7T1€; will be used for the
canonical maps G/P; — G/P,, GxN' X — Gx2X. If T} ¢ G xM X,
T, C G x X are subschemes such that WJI;; (T}) C Ty then the map
T, — T5, which is the restriction of W;; will still be denoted by wﬁ;

If we are in the more general situation of (6)

Y, — T — GxDX
(15) l ! L
Y, — T, — GxPX

where Uy =15 — Yy, Uy =T, — Y;. Then

Tyt HPH (UL X) — HP(Us/X)
and the corresponding trace maps are defined as in section 4.
Theorem 5.2.1. There is a second quadrant spectral sequence
(16)  EL,,: ®poer, ., HU(G x® Xp/X) = HIT(X, Ox)
The differentials d : E*, , — E! .| = are given by

(17) DAUP Q)P T
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where the sum runs over all pairs
((Pu Q)) (Ply Q/)) S R'r—l—p X Rr—p

The proof of this theorem will be based on lemma 5.2.2 below.
Let C be a subset of B as in prop. 4.9 and define

T = USB’/\:UYA

AEC AEC
For P, () € Q put,
Tpo=QTNQXp

Epq = EGXQTRQ (E(Qgxex/x)[2dim G/Q])

Tpg is a closed subset of X (lemma 4.7) and Wg*ERQ is a complex of
flasque sheaves on X whose homology in degree ¢ is

(18) HPR(G x® Tpg/X)
Now we construct maps of complexes

Q . d Q 1.
@(P,Q)ERT—I—IJT(G*EP,Q - EB(P,Q)G’Rr—pﬂ-G*EP,Q

as follows : If (P,Q) € R,_1-p, (P,Q') € Ry—p, Q C Q, P DO F
then the canonical map 718, : G x9 X — G x9 X restricts to a map
G x@ Tpg — G x @' Tpr ¢ and hence there is a trace map

Trﬂg/ : WS,*EP’Q — Ep o
Applying the functor wg; yields a map
Wg;(Trﬁg,) : Wg*EP,Q - Wg;EP/,Q/
Then d is given by
(19) @O‘(P’,Q’),(P,Q)Wg;(Trwg,)
where the sum runs over all pairs

((Pa Q)7 (Pla Q/)) € erlfp X ,R'rfp

We also construct a map

Q 1. € .
@(QyQ)ERr—lﬂ-G*EQ,Q - EB,G
as

(20) B@er, 10T g
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Lemma 5.2.2. With notations as above, there is a double complex
21)
d Q - d Q - d €
T @(RQ)E'Rr—l—pWG*ERQ - @(RQ)GRT—NTG*EP,Q — 7 Lbpa 0

whose associated complex is exact.

Proof. That (21) is a double complex follows from (4) and lemma 5.1.1.
The rest of the proof will be by induction |C|, the case C = ) being
trivial.
Assume that A is a maximal element of C and define 7" =T — Sp ),
o = QT'NQXp. Tt is clear from prop. 4.9 that Tpq is the disjoint
union of T}, and S NQXp. Let i : G x? (X —Tp,) — G x? X be
the open immersion and define

EP,QJ\ = Z‘*EGXQ(SQM\QQXP)(E(Q.GXQ(X—T}’D’Q)/X)[Qdim G/Q])

Furthermore let Ep be defined as Ej g, but using Tp instead of

Tpg.
Then, by induction, the lemma is true for E}'{Q. Furthermore there
are exact sequences of complexes

0— Epq— Epg— Epga— 0

Hence it is sufficient to show that the complex, obtained from the
double complex

(22)
d Q E- d Q E: d € . 0
= BPQer 1, Te Lo = DPQER TP — " = Epax —
is exact.
Here d and € are defined by (19) and (20). However we have to use
the more general definition of the trace map, as in (15).
To show that (22) gives rise to an exact sequence, it is sufficient to

show that it induces exact sequences on homology. I.e. we have to show
that the complexes

L Bpaer,  HYMG x2 (Sga N Xp)/X)

—q
Dpoyer, , HOMG X2 (Sga N Xp)/X) 2

(23) S HE?(SG,A/X) —0

are exact. (We have used that QXp = Xp if Q C P.)
d is still defined as in (17) and € is given by

DPQ)er, 10T
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WSWQ defines settheoretically a bijection (prop. 4.12)

G XPAmQ SPA(‘)Q7)\ — G XQ SQ7,\
and by restricting WS*“Q to the inverse image of G x% Xp we obtain a
bijection
G xHne (SP)\QQ7)\ N Xp) — G x@ (SQ)\ N Xp)
Hence ngmQ induces an isomorphism (lemma 3.2)
HPMG xP19 (Spinga N Xp)/X) — HEHG X9 (SN Xp)/X)

We may therefore replace (23) by a complex
d d
5 @pQer, 1, HOG (G X P9 (Spnga N Xp)/X) =
d
Bper, , H25 (G X9 (Spnoa N Xp)/X) =

(24) —€>H7D§(G XP)‘ SP)\’)\/X)
d is now given by a sum

DR ), (PQT AN
and € is given by
®Ogmp
4) has a subcomplex given by
5

)

. i @(pr)gRr_l_p H_D;{(GXPAQQ<SP/\QQQXP)/X) i) Ce i> H_Dg(GXPASPA/X) -0

PCPy,

(2
2

We claim that this subcomplex is exact. If P C Py then Sp,ng\ C Xp
according to lemma 4.8.

Hence the complex (25) may be written as :
(26)

. i> @(P,Q)e’lzr_l_p H_D?(GXPAQQSPAQQ/X) i) LN H_D(?(GXP’\SP/\/X) — 0

PCPy
We may filter (26) according to R = Py N Q. As associated quotients
we obtain complexes

(Z = 7) @ HPHG x" Spa/X)
if R= Py and
Z @ HPMG x" Spa/X)
otherwise.
Here Z' in degree —p is ZL[;R) where

ngR) ={(P,Q) € R_1_p | PC P\,PANQ =R}
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which may be simplified to
U ={(PR)e Qx Q| RC PC P}

14
It is now easy to see that Z' is isomorphic to a complex of the form
(12). Hence it is acyclic, unless R = Py. In that case the complex

7z — 7 is the complex 0 — Z =1 7 — 0 and hence it is also exact.
To show that (25) is exact, it is sufficient that the complex below,
which is the quotient of the complexes (24) and (25), is exact.

27y -3 D1y HPRG <9 (Spno N Xp)/X) S -
PZPy

We now filter (27) according to R = P, N Q and P. The associated

quotient complexes are

Z" @ HPHG xT (Span Xp)/X)
Z'" in degree —p is ZUIZ(P’R), where
UL = {(P,Q) € R,—1-, | QN Py = R}

There is a unique, maximal R, € Q, with the property that Ry N Py =
R. Hence

U = {(P,Q) e Qx Q| RC QC PNRy}

Therefore Z" is isomorphic to the dual of a complex of the form (12).
If P ¢ P, then it is easy to show that R # R, N P. We conclude that
7" is acyclic. O

Proof. of Theorem 5.2.1 This is now standard. Assume C = B and
hence T' = Xp. Also Tpg = Xp if Q C P. Consider the double
complex
d Q . d Q 1. d
- = OPQer 1, T Erg = DP@er. e Erg = -

The homology of its columns is HPR(G'x? Xp/X) whilst it follows from
lemma 5.2.2 that its total homology is HP% (GXp/X) = H""(X, Ox).
This implies the existence of the spectral sequence (16). O
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6. THE PROOFS

In this section we will give the proofs of Theorem 1.2 and Theorem
1.3. The proofs of these theorems consist of a series of lemmas. It
should be stressed that the lemmas are certainly not the strongest
possible. We also prove Prop. 1.4.

Throughout this section G, B, R, d, X, ®, --- will have the same
meaning as in section 4. We also put h = dimR®. P, Q will be
parabolic subgroups of GG, containing B, such that ) C P.

The roots of B will be the negative roots and ®* will be the set of
positive roots.

Lemma 6.1. Let § € N. Any G-representation occurring in Hﬂu(X, Ox)
0CCuUTs 1N Some

HPX(G %% Xp/X)

where
(28) v < B+UG/B)
Proof. This follows immediately from Theorem 5.2.1. U

Lemma 6.2. Any G-representation occurring in HPR(G x? Xp/X)
occurs in some

HY oy, (G X9 X, N Qaraxx)

where
(29) 0 <vy+2dimG/B
Proof. From the spectral sequence for hyper cohomology
Epy i Hl o x, (G X9 X, NP Qerax x) = H2Y ogima o (G X% Xp/X)
we deduce that
(30) —y=-0-0+2dimG/Q
Furthermore A" Qg0 x/x = 0 unless
(31) 0<¥ <dimG/Q
Combining (30) and (31) yields

0 <~y+2dimG/Q
which implies (29). O

Lemma 6.3. 7T5 induces an isomorphism
(32)
HgXBXP<G XB X, Wg* /\6 QGXQX/X) = H?;XQXP(G XQ X, /\6 QGXQX/X)
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Proof. The fibers of 75 : G x” X — G x% X are isomorphic to Q/B.
If H is a Levy subgroup of @ then Q/B = H/B N H. Hence it follows
from Bott’s theorem that H'(Q/B,Og/p) = 0 for i > 0. This implies
that R'75,0qxsx = 0 for i > 0. (32) follows from this last fact in a
standard way. 0

Lemma 6.4. Any G-representation occurring in
HY s x, (G X2 X, 75" A Qarax)x)
occurs 1m some
HY(G/B, 7" A Qajq ®oy,, Hy,p (X, Ox))
where
(33) e<d
Proof. There is a composite functor spectral sequence

2 . B Bx 8’ + B Bx &'
B H' (M nx (GXTX, 10" N Qaxaxx)) = H s (GXPX, 75" A" Qgxaxyx)
Furthermore it is easy to see that

HquBXp (G x B X, Wg* /\6/ QG’><QX/X)

> HY oy, (G X7 X, 78" A Qa1 ®0g,s Ocxpx)
> 15" AN Qe Qogn Heyny, (G X7 X, Ogynx)
= 15" N Qajq ®og,n H, (X, Ox)
It follows from these facts that
d=e+¢
But clearly ¢ > 0. O
In the sequel, let p be half the sum of the positive roots.
Lemma 6.5. Any representation occurring in
(34) HY(G/B, 785" N Qajq ®og,, Hyp (X, Ox))
has a highest weight of the form
(35) Xni = w(x1+p) =P
where w € Wg, x1 € X(T) and x; is of the form

X1=ZP+X2

peS
with S C —®F and xo € X(T) a character, occurring in Hg (X, Ox).
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Proof. Let [e] € G/B be the class of the unit element. Then, by Bott’s
theorem, any representation occurring in (34) must have a highest
weight of the form (35) where x; occurs in

(78" A Qa/q) i @k H, (X, Ox)

Furthermore (m5* A Qo) = (Ng/q)* where g and q are the Lie
algebras of G and Q.
But any character occurring in (A%g/q)* will be of the form 3 pes P

for some S C —PT. O

Now we have to recall some facts and definitions from [9].
If A\ € Y(T)g then we define d) = codim X, if A, p € Y/(T)g then
A~ pif Xy =X, Finally, if U CY(T)g then Uy ={p €U | p~ A}

Lemma 6.6. Assume that U is a closed bounded conver subset of
Y (T)r, having dimension s. Then there is a T-equivariant filtration
on Hy (X,0x) such that

gr Hy, (X, Ox) = @Ae(U—aU)/NﬁHs*drl(CD&U)) ® H;?A (X, Ox)
where
(I)E\U) = m — Ui

Proof. The proof is identical to that of [9, Th. 3.4.1]. In loc. cit. this
lemma was proved under the assumption that U is the unit ball, but
this fact was not used. 0

Lemma 6.7. Every T-character occurring in H (X, Ox) occurs in
some H;la (X,Ox) where A € Y(T). If we assume in addition that X
has a T-stable point and that the character only occurs in H;?A(X, Ox)
when A\ =0 then

(36) e=d—dimZ(G)

Proof. The first part of this lemma follows from applying lemma 6.6 to
U={AeY(Dr || <1}NAp.

Assume that the hypothesis for the second part are fulfilled. First
note that A = 0 does not occur on the boundary of U if and only if
P = G. In that case dimU = dim Ag = dim Z(G). Also dy = d and if

X has a stable point then CID(()U) = (). We obtain that
e+dimZ(G)—d—-1=-1
which implies (36). O

The following corollary summarizes the lemmas 6.1-6.7.
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Corollary 6.8. Assume that X has a stable point. Then every irre-
ducible G-representation occurring Hy.(X,Ox) has a highest weight
of the form

(37) Xui =X+ p

peS’

with 8" C ® and X' a T-character occurring in some Hfa (X, Ox) where
AeY(T).

If for every such decomposition of xni, X' only occurs in H;l&(X, Ox)
when A =0 then 1 > h.

Proof. Tt follows from lemmas 6.5, 6.7 that

(38) Xoi =w(> pt+x2+p) —P
peS

where w € Wg, S C —®* and x» occurs in some H;?A (X, Ox) with
AeY(T).
Put x' = wys. We may rewrite (38) as

Xni =X +w(} p+p—w'p)
peS

It is clear that p — w™!p is a sum of positive roots. Since S C —®T,
this proves (37).

If ¥/ only occurs in H’;?A (X,0x) if A = 0 then x, has the same
property. The second half of the lemma now follows by combining
(28),(29),(33),(36) together with

dim G = dim Z(G) + 2dim G/B + I[(G/B)
and the fact that if X has a stable point then
h=d—-dmG
O

Proof. of Theorem 1.2 Assume that Rg is not Cohen-Macaulay.
Then according to lemma 1.5 there must be a representation with char-
acter x in H%.(X, Ox) where ¢ < h. Then it follows from cor. 6.8 that

there is a decomposition
Xni = X+ Z P

peS

where X’ occurs in some H_‘;l(*A (X, Ox) with X # 0.
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It follows from the hypothesis that x’ is good with respect to (7', W).
On the other hand [9, cor. 3.3.2] implies that a good character cannot
occur in Hf& (X, Ox) where A # 0. This is a contradiction. O

Lemma 6.9. Assume that X has a T-stable point and let x be a T-
character, strongly critical for (T, W). Then x is good for (T,W).

Proof. By definition there are u; €] — 1,0] such that x = > . w;.
Assume that the lemma is false, i.e. there exists some A € Y(T') — {0}
such that y is not good for (T, W, A). Then it is possible to write y as

d
(39) X = Z a;q
i=1

where the (a;); are integers with the property that a; < 0 if i € I, and
a; > 0 otherwise (recall that I, was defined by (2)).
It follows from the fact that X has a T-stable point that there exists
an i € I such that (\, a;) > 0.
(39) implies
M) <= (v a)
i€l

On the other hand
(40) A x) = Z Ui, o) + Z u; (A, o)

1€y 11y
(1) > =Y e
i€ly
which is a contradiction. O

Proof. of Theorem 1.3.1 This is now a direct consequence of Theorem
1.2 and lemma 6.9. U

Lemma 6.10. Assume that for any A € Y(T) — {0}, |I,| > 2. Let
X € X(T) be critical for (T,W). Then x is good for (T,W).

Proof. Note that the hypotheses imply that X has a T-stable point.
Assume that the lemma is false. l.e. there is a A € Y(T') — {0}
together with integers (a;); such that

X = Zaiai

where a; < 0 iff 7 € 1.

By definition it is possible to write x = > . w;a;, u; < 0 in such a
way that if there are integers b; > u; with the property that x = > b;a;
then b; > 0.
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Take j € I,. Then it follows that for any integer b, u; < b < 0,
X — bay; is not in the semigroup generated by (a;);;.

However, from the fact that |I,| > 2 for any A # 0, it follows that
the cone in X (7T')r spanned by (a;);z; is X(T)g. It is then an easy
exercise to show that the semigroup generated by (o), is actually a
group.

This implies that a; < u; since x — a;c; is in the group generated
by (4)iz;-

Now we have (using the fact that thereis an i € I) such that (\, o) >

0)
(42) Ax) = D wha) + > uh )
€1y 11y
i€l gl
(44) = (A X)
which is a contradiction. O

Lemma 6.10 cannot be improved, as the following example shows :

Example 6.11. Let G = T be a two dimensional torus. Then we
identify X(T)r = Y(T)r = R? in such a way that the pairing { , )
is given by the usual inner product on R? : {(z1,y1), (T2, y2)) = x122 +
Y1y2.

Let a1 = (—1,1), as = (0,1), a3 = (1,1), ay = (2,—3) and x =
—ay —ag = (1, —2). Then x is not good for (T, W) (take A = (—2,1)).

However 5 ] 1
X = (_z_l)al + (—5)042 + (—1)043

which easily shows that y is critical for (7', V).

Proof. of Theorem 1.3.2 Assume that the result is false. According
to Theorem 1.2 and lemma 6.10 there must be a T-invariant linear
subspace of codimension one in X having no T-stable point. Since X
has a G-stable point this linear subspace must be G-invariant. This
contradicts the hypothesis. U

Lemma 6.12. Assume that for any A € Y(T) — {0}, |I,| > 2 and for
every j € {1,...,d}, a; is in the group generated by (v )iz;-

Let x be in the group generated by (cy);. If x is critical for (T, W)
then x is strongly critical for (T, W).
Proof. Assume that y is critical and write x = > u;cy, u; < 0 in such a

way that if there are integers b; > u; with the property that x = > b;a;
then b; > 0.
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We may assume that there is some j such that u; < —1 for otherwise
the lemma is trivial.

It follows from the definition of critical that x + «; is not in the
semigroup generated by («;);z; and it follows as in lemma 6.10 that
this semigroup is actually a group.

Furthermore, by hypothesis, it is possible to find integers (¢;); such
that x = > ¢oy. Hence (1 4 ¢j)o; is not in the group generated by
(c;)iz;. This is a contradiction. O

Proof. of proposition 1.4 We want to apply lemma 6.12. From the
fact that G is semisimple it follows that any G-invariant subspace of
codimension one in X has a stable point. It is easy to see that this
implies that for all A € Y/(T') — {0}, |1,] > 2.

Furthermore it is well known, and easy to prove, that the only Wg-
invariant weight of a semisimple group is the trivial weight.

Let a; be a weight of W. If a; = 0 then a; is always in ), Za;.
Assume that o # 0 and let W' be its stabilizer. Then

E ’lUO{j

weEWa /W'
is We-invariant and hence 0. Hence «; isin ), 2 Lav;.

Let x|T = Zizl Xi- From the fact that RY # {0} it follows that
Xi € >_; Za; and it is also a standard fact that ® C ). Za; if not all
«; are trivial (which is excluded by the fact that X has a stable point).

Hence by lemma 6.12 all x; — > cgp (i =1,...,1, S C ®) will be

strongly critical for (7', W). This implies that x is strongly critical for
(G, W). O
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