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Abstract
In this paper we give a new method, in terms of one-parameter sub-
groups, to study semi-invariants for algebraic tori. In some cases we obtain
extensions to results in [7]. In other cases we obtain different proofs.

1 Introduction.

Let T be an algebraic torus over an algebraically closed field of characteristic
zero and let W be a finite-dimensional representation of T. Then T acts on the
polynomial ring R = k[W] and by the Hochster-Roberts theorem [3], k[W]7 is
Cohen-Macaulay.

Let x be some character of T. In [7] and [8] Stanley defines RT to be the
sum of all one-dimensional T-representations having character . It is clear that
R§ is an RT-module. R§ occurs naturally in the study of linear diophantine
equations.

An interesting question is what the depth is of Rz and in particular when
R§ is Cohen-Macaulay. Stanley gives an answer to this question in terms of
certain polyhedral complexes whose dimension is of the order of dim W [7].

If G is an arbitrary algebraic group then in [9] we introduced a method to
study Rfj (Rf is defined similarly as Ri) If G = T is a torus then this approach
is different from Stanley’s method.

In the present paper we apply our techniques to the torus case. It turns out
that everything works very well. We obtain a description of the local cohomology
modules Hjpry, (RT) in terms of one-parameter subgroups of T' (3.4.2). In this

way one can compute the depth of R; With our method we still need some
spherical complexes, but these have dimension of the order of dimT'.

The methods used in this computation turn out to be a key ingredient in
[10] where the same questions are studied for general reductive groups. There
the situation is much more intractable, and it seems to be impossible to obtain
an answer as complete as in the torus case.

Section 4 is devoted to some application of our results. If dim7T = 1, we
recover [7, Cor. 3.4]. We also completely analyze the case dim7 = 2 and we
obtain a generalization [7, Cor. 3.4].
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In 4.2 we show that Rf is Cohen-Macaulay if the same holds for all one-
parameter subgroups of T' (4.2.1).

In 4.3 we give a different proof of [7, Th. 3.2].

In 4.4 we obtain (under some mild a priori hypothesis) necessary and suffi-
cient conditions under which there exist only a finite number of y for which Ri
is Cohen-Macaulay. It turns out that this is almost always the case.

In 4.5 we compute an explicit example and we obtain interesting counter
examples to the converses of [7, Th. 3.2] and 4.2.1.

In 4.6 we give necessary and sufficient conditions for reciprocity [7] in terms
of one-parameter subgroups of T'. In particular we obtain that if dim 7" < 3 and
if reciprocity holds then Rz; is Cohen-Macaulay.



2 Notations and conventions.

In the sequel k will always be an algebraically closed field of characteristic zero.

If T is a torus over k then X (T') resp. Y (T') will be the character group and
the group of one-parameter subgroups of 7. These are both free abelian groups
and therefore the group laws will be written additively. We define X (T)g as
R®@zX(T) and Y(T)g as R®zY (T). There is a natural pairing Y (T') x X (T) —
X(Gy) = Z given by composition. This pairing will be denoted by { , ).
We will extend this pairing to Y (T)g x X(T)g.

We will also choose a positive definite quadratic form on Y (T)g. The cor-
responding norm will be denoted by || ||. Then we define

B(T) ={eY(T) [N <1}

and

S(T) ={AeY(T) [ Al =1}

Of course the results in this paper do not depend on the choice of || |

Characters of T" will be identified with one-dimensional representations of
T. Hence the notation x1 @ x2 for x1,2 € X(T') stands for the two-dimensional
representation of 7" which is the direct sum of the one-dimensional representa-
tions determined by x; and x». This is not to be confused with y; + x2 which
is just the sum of x; and x2 in X (7).

Let d be some positive integer and assume that V is a Z?graded k-vector
space. If x is a homogeneous element in V' then degx will be the degree of x. If
a=(aiy,...,aq) € Z?* then V, will be the homogeneous part of V of degree a.

The Poincare series of V' is defined as

P(V,t)= Y dim(V,)t" (1)

a€Z
where t = (t1,...,tq) and t* = t7* ---t5*. (1) is usually supposed to define an
element of t=7Z|[[t1,...,t4]] for some v € Z¢. However in some occasions (1)
will define an element of t"Z([[t; ', ..., t;']].
If F is a vector space and z1,...,x4 € F is a set of points then by

Span{(xi)izl,...,d}

we denote the subvector space of E spanned by (z;);=1,...4. By

pos{(x;)i=1,...a}

we mean the set of all positive linear combinations of (x;);=1,... 4. This is a
polyhedral cone (see [1]).

If A is an polyhedral cone or a spherical polyhedral set then by the apex set
of A (notation : apex A) we denote the set AN —A. If A is a polyhedral cone
then apex A is a linear subspace of A.

In the sequel we will be mostly concerned with the following situation.
An s-dimensional torus acts on a d-dimensional vector space W with basis



{w1,...,wg} and corresponding weights «a1,...,aq. To simplify the notation
we will put : E = X(T)g, E* = Y/(T)g, S = S(T), B = B(T).

Some other frequently used notations will be : R = k[W], X = Speck[W],
h = dimRT = dim X/T, W = {1,...,d} (the index set for the weights of
W), X" is the unstable locus in X, Xy = {z € X | im0 A(t)x = 0}, Ty =
{i e w | <>\,Oéi> < 0}, dy = d— |T)\|7 A~ N = T\ = Tyv, A = B/N,
B)\:{MEB|MN)\},S,\={,U,ES|/,LN)\},q))\:B)\—B)\,(I)IA:S)\—S,\,M
is the subsemigroup of X (T') generated by (o;)i=1,...a, Ex = span{()ier, },
Ax = pos{(ai)ier, }, Bx = pos{(ai)ier,, (—i)igr, }, ux = dim E).



3 Local cohomology of semi-invariants.

3.1 Generalities

Let G be a reductive algebraic group over k and let W be a finite dimensional
representation of G. Define R = k[W], d = dim W, h = dim R® and let y be
an irreducible character of G.

In [8] Stanley defines Rfj as the sum of all irreducible representations of G in
R, having character . Note that R = EBXRS where x runs over all irreducible
characters of G. Furthermore it is easy to see that RS is finitely generated over
RS and hence dim Rg = dim R if RS # 0. One is often interested in the
depth of RS or, more specific, in the question when RS is Cohen-Macaulay. See
e.g. 9]

’th]e following elementary lemma was used in [9]. Define I = R(R%)*.

Lemma 3.1.1 H(

Proof Let fi, ..., fu. be a set of generators for (R%)*. Then the (f;); are
obviously also R-generators for I. Let K (R, f1,..., fu) be the complex

RG)Jr(Rg) = H}(R)S (with obvious notations).

0—=R—®iRy, = ®is Rpypy — - — Rpyop, = 0
i<j

with the standard boundary maps. Then Hj(R)fj = H (K (R, f1,.. 7fu))§
But, using the fact that G is reductive, we deduce

H(K (R fi,-- f))Y = HE (R i, fu)])
= H(K(R$, fi,..., fu)
= Hipe): (RY)
which is what we want. ]

Hence if Rg # 0 then Rfj is Cohen-Macaulay if and only if H}(R)fj = 0 for
i=0,..,h—1

Assume now that G =T is an s-dimensional torus. In that case RZ; ={re
R | zor = x(2)r for z € T}. Hence R is an RT-module of semi-invariants for
the character x.

We may choose a basis (wy, ..., wq) in W such that the action of T on W is
diagonal with respect to this basis. Le. if z € T then z.w; = a;(z)w; where the
(i)i=1,....a € X(T) are the weights of W.

We will sometimes assume that 7" acts faithfully on W. It is easy to see that
this is equivalent with the following condition

spanf(ai)i=1,...a} = X(T)r (2)

We can make R into a Z%-graded ring by putting deg(w;) = (0,...,0,1,0,...,0)
where the one occurs in the i’th position. This grading is obviously compatible
with the T-action and hence R” and RY are also graded k-vector spaces.



It will be clear from lemma 3.1.1 that our aim should be to describe H;(R).
To this end we introduce some geometric notions.

Let X = Speck[W]. Then the radical of the ideal I is the defining ideal of
the T-unstable locus in X, which will be denoted by X*. ILe.

X“={reX|0eTx}

Using this notation we may write H;(R) = Hx« (X, Ox).

X" may be described more conveniently using the Hilbert-Mumford criterion
[6] which says that every point in X is unstable for some one parameter sub-
group of T. Te. if A € Y(T') then one defines X = {z € X | lim;—o A\(t)z = 0}

and one obtains
xv= [J X\ (3)
AEY(T)

The closed points of X are in one-one correspondence with the elements of
W*. Let wj, ..., w} be the dual basis of W*. Then A acts on W* by z —
diag(z_o"“l), ceey z_<>"’ld>). Hence X, is the linear subspace of X spanned by
the w} where (), a;) < 0.

Note that this description of X makes sense if A € Y (T)g. Hence in the
sequel we will also use the notation X for A € Y/(T')g. However it is easy to
see that there always exists a A’ € Y(T') such that X, = X.

To simplify the notation we will put £ = X(T)g, E* = Y(T)gr, S = S(T),
B = B(T) in the sequel.

If U C E* then we define Xy = [J,¢y Xa. Using this notation, (3) may be
rephrased as

X" =Xy = Xp- = X5

Let W ={1,...,d}. For use below we define T\ = {i € W | (\, ;) < 0}.
The following lemmas will be needed in the next sections.

Lemma 3.1.2 Assume that Uy 2 are closed convex subsets of E* such that Uy U
Us is convex. Then Xy,nu, = Xu, N Xy, .

Proof It is clear that Xy, ny, C Xy, N Xy,. To prove the opposite inclusion,
take Ay € Uy, Ay € Us. We have to find A € U; N Uz such that Xy, N X, C
X or equivalently T\, N Ty, C T). Using the hypothesis, we deduce that
[A1, 2] N U NUy # (). Hence we may take A € [\, Ao] NU; NUs.

If i € Ty, NT), then (A1, a;) < 0, (A2, ;) < 0. But then it follows that also
(A, ;) < 0. Hence i € Ty. m

Lemma 3.1.3 IfU C E* then Xy = X7

Proof If W' C W then the condition Ty D W' is an open condition on A. From
this the result follows. m



3.2 A spectral sequence.

We keep the same notations as before.

As we have seen, we have to be able to compute Hy (X, Ox). Furthermore
X" = Xg. In this section we construct a spectral sequence which may be used
to compute Hy, (X,Ox) where U is a closed convex subset of E*.

Let x1, ..., xmm € E and let P be the set of all non-empty subsets of U and
OU of the form

{AeU | (Mxi)>0foriew
(N, xi) =0 for i € Wy
(A, xi) <0 for i € Wy}

and

{AedU | (A\xi)>0foriew,
(A, xi) =0 for i € Wy
(A, xi) <0 fori e Ws}
where W = W; U W, U Wjy is an arbitrary decomposition of W as a disjoint
union.
Furthermore P! = {o € P | ¢ C U} and P° =P \ P;.
If 0,0’ € P then we will say that o is a face of ¢’ if ¢ C ¢’. o is a facet of
o' if it is a face and dimo = dim ¢’ — 1.
Let dimU = t. We will assume that we have chosen (ago/)goepo €
{-1,1,0}, (Bs) sepo € {—1,+1} with the following properties :
dim o=t

1. @y =0 unless o is a facet of ¢’. In that case ayr » = £1.

2. If 0, 0" € P°, dimo” = dimo + 2 then

E ao’”,o”ao',o' = 0

dim o/ €PO
dim o/ =dim o+1

3. Let 0 € P°, dimo =t — 1, Then
ﬂo"l ao"l,a + ﬂo‘éao‘é,d =0
where o}, o are the two elements of P having o as a facet.

As a final bit of notation we define for U C V' C F and for F a sheaf on X,
the maps iy,y (F) as the natural homomorphisms Hy (X, F) — Hy (X, F)
associated to the inclusions Xy C Xy

Theorem 3.2.1 With notations as above. Let F be a quasi-coherent sheaf on
X. Then there is a spectral sequence :

Ey,:® .epo HY (X,F)= HY 7YX, F) (4)

dim o=p



where the boundary maps dp, are given by Oy Zg O olo0' (F). Here the sum
runs over all pairs (o,0") such that o is a mazimal face of o’ and has dimension

p.

Theorem 3.2.1 will be applied as follows. Assume that the x1, ..., X are chosen
in such a way that the elements of P are the closed cells of a pseudo-manifold
structure with boundary on U. We may then choose a set of incidence numbers
(' 0 )or cep as in [5, Th. IV 7.2]. They obviously satisfy conditions 1 and 2.
Since U is orientable, we may choose a coherent orientation on U [5, IV par.
8]. From this one deduces that there exist (3, ), satisfying condition 3.
To prove theorem 3.2.1 we need the following lemma

Lemma 3.2.2 Assume that J is a quasi-coherent injective Ox-module. Let
Kp(J) be the complex

dp_1, dp, dp1,
=0 @ oePO FXU(Xaj) 2@ ocePO FXU(ij) =0
dim o=p dim o=p+1
and let
€:®d oep0 FXG(X7 \7) - FXU(X7 j)
dim o=t
be
Z ﬂaio,U(]:) (5)
dim o=t
Then
0= Kp(T) — Txp(X, ) — 0 (6)
is exact.

Proof We will fix a particular J and denote Cp(J) by Kxp.

It is clear that (6) is a complex. The proof that it is exact will be by
induction on m. It will follow from the induction procedure described below
that the starting cases are those where U is itself an element of P. In those
cases Py consists of a single element U and hence the conclusion is obvious.

Define

UOZ{)‘EU|<>‘ﬂXm>:O}
U = (A eU] () <0)

Clearly U UU_ =U, Uy NU_ = Uy.

If Uy = U or U_ = U then we can define P° using only x1, ..., Xm_1. Hence
the result follows by induction.

In the other case dimU; = dimU_ =dimUy + 1 = t. We define P. = {0 €
P|oC U} where e =+, 0. P_OH PO, P are defined as P°, but using Uy, U_,
Uy instead of U.

Given Uy, Uy, we can define P, P without using x,,. Hence for Uy and
Up the conclusion is true by induction on m.

Up ={AeU| A xm) =0}



The inclusions P?, P2 C P° induce a map Kp, &Kp — Kp. It is then
easy to see that there is a short exact sequence of complexes

0—Kp, ®Lp_ = Kp = Kp, — 0

which gives rise to a long exact homology sequence. We obtain at once that
Hi(Kp)=0if ¢ <t —2.
Furthermore we may construct a commutative diagram

0 — H''Kp) — H' ' (Kp,) — H'(Kp )&H" (Kp_) -  H'Kp) — 0
lEO l (€4e-) iz
0 = Txy (X)) = Txy (XD@Tx, (X7) = Txp(X,J) — 0

(7)

Here the lower sequence is obtained from the Mayer Vietoris sequence, using

the fact that Xy = Xy, U Xy_ and Xy, = Xy, N Xy_ by lemma 3.1.2. This
sequence is exact since J is injective.

e+ and e_ are defined as ¢, but using (5,) cePd (Bs) sepo  respectively.

The right most square in (7) is obviously gg;ﬁniutativg.lmﬁsing this we may
construct a map €y which makes the left most square commutative. It is easy
to compute that it has the form (5) (with different §’s) and hence € is an
isomorphism using the induction hypothesis. Since by the induction hypothesis,
€4, €_ are also isomorphisms we deduce that H*7!(K5) = 0 and that € is an

isomorphism. n

Proof of Theorem 3.2.1 This is now standard. One starts with an injective
resolution 0 — F — J and makes the double complex Kp (7). After taking
homology for the first filtration on this double complex, we obtain the required
spectral sequence. =

3.3 Cohomology with support in a linear subspace.

It will become clear in the next subsection that, to apply (4), we have to be
able to compute Hy (X, Ox). This is what we will do here.

To compute Hy, (X,Ox) we use the fact that the defining ideal of X is
generated by a subspace of W. Hence let W’ be a subspace of W, spanned by
some of the basis vectors (w;); and assume that d’ = dim W’. Put W"” = W/W’
and let J be the ideal generated by W’. We want to describe H%(R) as a Z?
graded vector space (and hence as a T-module).

Proposition 3.3.1
e HY(R)=0ifi#d.

o HY(R) is, as a Z* graded vector space, isomorphic to (ANY W')* @@ (8™ (W&
W//)



Proof The first statement is clear since J is generated by a system of parame-
ters. ,
For the second statement, we use the fact that H¢ (R) = lim Ext% (R/J*, R).
t

We first compute Ext’(Jt/JtH1, R) = (S'W')*®@Exty(R/J, R). Again Ext’(R/J, R) =
0 if ¢ # d’. On the other hand, using the Koszul resolution, one easily com-
putes that Ext‘lg (R/J,R) = (AYW')*®R/J. Hence as Z%-graded vector space :
Hi(R) = @ @ (N W) @ (STW)* @ STW” = (A W')* ®@ @450 SHW™* @ W").

In the sequel if a = (a1,...,aq) € Z% then supp_a will be {i | a; < 0}. Let
A € E* and define dy = d — |T|.

Corollary 3.3.2

o If f e H}i@A (X,0x) then supp_deg f = Ty where ¢ denotes the comple-
ment with respect to WW.

o Hi (X,0x) =0 ifi # dy and the weights of H¥ (X,Ox) are of the
X)\ X

form
—Zozi— Zaiai—k Zblal

€T €Ty i€Tx

where a;, b; € N.

3.4 Interpretation of the spectral sequence.

In this section we retain the notations of the previous sections. We will show
how the spectral sequence (4) leads to a description of Hy (X, Ox) in terms of
one parameter subgroups in U.

If A, p € E* then we say that A and p are equivalent (notation A ~ p) if
X\ = X, (or equivalently if T\ = T,). If V.C E* then Vi = {p €V | p ~
A}. We assume from now on that U = B. This restriction is convenient but
immaterial for the arguments presented below. B/~ will be denoted by A.

We may define P as in section 3.2. We will assume that the xi,...,xm
are chosen in such a way that the elements of P define a structure of a pseudo
manifold with boundary on B. This means we may choose 056 and By, as
explained in section 3.2 after the statement of Theorem 3.2.1.

We will also assume that

{at,...,aq} T{x1y--s Xm} (8)

Then for every o € P, relinto C By for some A € 0. Hence Hy (X,0x) =
Hy  (X,0x)= Hy, (X,0Ox) using lemma 3.1.3.

Since i,/ (Ox) is a graded map, it follows from cor. 3.3.2 that if relinto C
By, relinto’ C B, where A o p then i,,(Ox) = 0. Hence Ej, = @reaE} ,,
where

E)l\,pq = D relint o By, Hgﬁ (X, Ox) (9)

dim o=p

10



and each Ej is closed under d. Hence we may write dp, = ©rdy pq Where dy pq

1 1
goes from Ey , to Ey 4.

Let ®\ = B)— B,. This is a CW-subcomplex of B. From the description (9)
it is casy to see that the complex (B}, ,dxpq) has homology HP(By, @y, k)
H‘)Z(A (X,0x). It also follows from cor. 3.3.2 that if ¢ # j or A\ # p then any
graded map between HY (X,0Ox) and Hg(u (X, Ox) must be 0.

Hence one deduces that (4) degenerates at the E? term. Using this one
obtains that there is a T-equivariant filtration on H%. (X, Ox) (as an R-module)
such that

gr Hy, (X, 0x) = @ pigis: H'(Bx, @, k) @k Hy (X, Ox)

which may be simplified to give the following theorem :

Theorem 3.4.1 With notations as above :
gr Hyu (X, 0x) = @xeaH'™ D71y, k) ® HR (X, Ox) (10)

Here we have used the standard convention H (), k) = kifi = —1 and H' (), k) =
0ifi#—1.

Corollary 3.4.2 Assume that a = (a1, ...,aq) € Z%. Then for HgRT)+(R§)a
to be non-zero the following conditions have to hold :

e X =a101 + -+ aqoq
e INeY(T) :supp_a =Ty (Such a X is unique up to equivalence.)
e 0<dy—1<s.

In that case HZRT)+(R£)Q will be isomorphic to HT~H=1(dy k).

Recall that in [7] Stanley introduces for a € Z? polyhedral complexes I,
(which only depend on supp_ a). The dimension of these complexes is in general
of the order of d while the dimension of the ®,’s is of the order of s.

The main result is that if x = a1a1 + -+ + agay

Hipry (RY)o = Hy—i1(Ta, k)

We may then use cor. 3.4.2 to compute f[h,i,l(f‘a, k) in some cases.

Corollary 3.4.3 With notations as above. If there exists a A such that supp_ a =
TS then Hy—i—1(Dg, k) =2 HTS=D =YD, k). Otherwise Iy, is acyclic.

The following proposition gives some trivial observations about the ®,’s. The
point is that, if A % 0, we may replace ®, with a subcomplex of the boundary
complex of a spherical polytope.

Proposition 3.4.4

11



1. ®q is the empty set or a spherical polyhedral set (possibly the whole sphere).
2. If A\ o4 0 define @, = Sy — Sx. Then H'(®y, k) = H (), k).
Proof 1. is easy. To prove 2. define the following sets
oW = (e, | |l > 1/4)

@ = {ue @y ||pl <3/4)

Then ) is contractible. ®() is homotopy equivalent with a spherical polytope.
Hence () is also contractible. Furthermore ®) N ®?) is homotopy equivalent
with ®. Since &) = ®M) U &3 the result now follows from Mayer-Vietoris.

m

Let Cy be the apex set of pos{(a;)i=1,...4} and let ¢ = dim Cy. Then the set
{AeB|{(\a;) =0if a; € Cp and (A, o;) < 0 otherwise}

represents a single equivalence class which we will denote by \,,. The following,
somewhat technical result, will be used later

Proposition 3.4.5
1. ®,, is homeomorphic to a s — ¢ — 1-dimensional sphere.

2. Ifi # h then H5=Da=1(®, k) =0. Le. the term involving ®», on the
righthand side of (10) does not contribute to Hi..(X,Ox) fori # h.

Proof 1. is clear by inspection. 2. depends on the following formula, which is
also easy to verify :

h=l{i|la; € Co}|—c=dy, — ¢
Hence if Hi*5=n—1(®y k) # 0 then i + s —dy, — 1 = s — ¢ — 1 which is
equivalent with ¢ =dy, —c=h. (]
3.5 A new interpretation of @/

Our aim is to give a new interpretation of the ®) (as defined in Proposition
3.4.4). This will make it easier to visualize what the structure of the ® is.
For A € E* define

Ay = pos{(ai)ier,}
Ex = span{(®)ier,}
B\, = pos {(ai)ieTm (7()‘1')1'%7‘)\}

We start with a few lemmas that will be needed later.

Lemma 3.5.1 Assume that T acts faithfully on W. Then By = int B,

12



Proof This follows from the definition of relint and the fact that By spans F
(using (2)). ]

Lemma 3.5.2 Assume that T acts faithfully on W. Then {(a;)ier, } C Opos{(a;)i=1

ExNint By =0

Proof < Suppose that E) Nint By = (). This means by lemma 3.5.1 that
E) only hits 0B),. We may then extend F) to a supporting hyperplane H for
B. Then (o)ier,, (—;)igr, all lie on one side of H, but since the (a;)ier,
lie in H we conclude that (a;);=1,.. 4 all lie on the same side of H. Hence

{(ei)ier,} C Opos{(a;)i=1,....a}-
= To prove this direction we reverse the above argument. [

Lemma 3.5.3 Ay NapexB) =0

Proof The apex of By must lie in the hyperplane defined by A. This hyperplane
intersects Ay only in 0. This proves what we want. [

The following theorem will be our main result.

Theorem 3.5.4 Assume that T' acts faithfully on W. Then ®) has the same
homotopy type as Ax NOB)\NS.

Proof Let Ay = AxNS, By =B,NS.
Recall that if Uy is a spherical polyhedral set then Uy is defined as

{peS|vucl: (pu <0}

The lattice of faces of U; is the opposite of the lattice of faces of Uj. For a face
F of U; the corresponding face F° of Uj is given by

Fo={AeUj|YueF:(\u)=0} (11)

Similarly
F={uelU |VAeF°: (\u)=0}

From this definition it follows that
(apexUy)° = Uy (12)
We may now define S as
{une B |Va € A;: (ua) <0}

Claim 1 relint B} C S C Bj.
We have to prove that B} \ Sy C B7. Let u € By \ S\. Then there is some
a € Ay such that (i, a) = 0.

By lemma 3.5.3 a is not an apex of B;. Hence the hyperplane defined by p
intersects B; in a point which is not an apex. Therefore pu € 9B7 (using (12)).

13



Consequently o
&ZS,\-S,\ZBI—S,\C@BI

and hence
\ = {uedB; |3ae A : {u,a) = 0} (13)

Define the following subcomplex of 0B7.
A = {F° | F face of 0By, FN Ay # 0}

Claim 2 [A] =Uzocp F° = @),
Let 4 € F° and choose a € F N A;. Then a is an element of A; such that
(i, a) =0 (11). Therefore by (13) u € ®,.

Conversely let p € ®). Then by (13) there exists an a € A; such that
(u,a) = 0. By 3.5.1 u cannot be everywhere 0 on B; and hence a € 9B;. Let
F be the smallest face of 0By containing a. Then F° € A and g must also
vanish on F. Therefore u € F° (11). Now let u’ € F° be arbitrary. Then '
vanishes on F and in particular on a. Therefore i/ € ®) and we have shown
that p € F° C ®,. This proves our claim.

Let L(A) resp. L(A; NdB1) be the lattices of faces of A and A;NdB;. Then
there exists a map ¢ : L(A) — L(ANOB)°PP : F° — F N A;.

Furthermore if G € L(A N JB)°PP then (as in [4, p93])

¢/G = {F°|¢(F°) =G}
= {F°|FnA DG}

¢= () F

FNA1DG

Define

Then G’° € L(A) and
0/G = {F°|F>DG'}
— {fo | glo D) fo}

is contractible and hence by [4, p93, Thm A] ¢ induces a homotopy equivalence
between
|L(A)| and |L(A; NOBy)°PP|

Since
)\ = |L(A)]
and
|L(A1 NOB1)°PP| = |L(A1NOBy)| =2 A1 NIBy
we are done. -
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3.6 The structure of some special ¢/

In general, the structure of ®) can be arbitrarily complicated in the sense that
apart form the fact that ®) should be a subcomplex of the boundary complex of
a spherical polytope, there are no other restrictions. However for some special
N’s the structure of ®) can be described.

On A — {0} we define a partial ordering as follows :

A1 < Xy <= relint pos {(aw)ier,, } C relint pos {(a;)ier,, } (14)

Then it turns out that for the maximal elements under this ordering ®, is either
contractible or homotopy equivalent with a sphere.

The following proposition shows that < does indeed define a partial ordering
on A — {0}.

Proposition 3.6.1 If A\; 2 € A — {0}, A1 < Xy then Ty, C T, .
Proof By taking closures, it follows from (14) that A; < Ay implies that Vi €
Ty, : a; € pos{(a;)jer, }-

Fix ¢ € T»,. Since a; # 0, a; must be strictly positive linear combinations
of some of the (a;)jer,,. Hence (A2, ;) < 0 and therefore i € T}, . m

Corollary 3.6.2 [fxl S Xg and Xg S Xl then )\1 ~ )\2.

In the sequel we will prove the following fact

Theorem 3.6.3 Assume that T acts faithfully on W. Let X be mazimal with
respect to the partial ordering defined on A —{0}. Then

1. If {(ci)ier, } C Opos {(i)i=1. .a} then ®) is contractible and hence H (P, k) =
0 for all 1.

2. Otherwise, ®'\ is homotopic to a uyx — 2 dimensional sphere where uy =
dim E. Hence
k if i= uy — 2

(7t / _
HY (@), k) = 0 otherwise

Recall that E was defined in the beginning of section 3.5.
The proof of Theorem 3.6.3 will be based upon a series of lemmas.

Lemma 3.6.4 Assume that we have chosen T C {1,...,d}, u € E* — {0} such
that T C T,,. Assume furthermore that there exists

y € B, Npos {(ai)igr}

with the property that {u,y) < 0. Then there exist A\ € E*—{0}, T' C {1,...,d}
with the property that

1.TCT CTy and
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2. relint pos{(a;)ier} C relint pos{(e;)ier }
Proof Choose y € E,, N pos{(c;)igr} such that y may be written as
y= Y ay, ala; >0 (15)
ieT"
with the smallest possible 7" C T such that {u,y) < 0. In particular 7" # (.
Choose z € relint pos {(e;)ier}. Le.
z = Zbiai, all b; >0
ieT
Since also y € F) we may also choose (a;);er € R such that
y=> (-a)o (16)
€T
Define 7" =T UT"”. Subtracting (16) from (15) yields
0= Z ;0
T
Then, for ¢ > 0 small enough, the expression
z = Z(bi + ta;)a; + Z ta; o
i€T ieT"
will have positive coefficients. This shows that
z € relint pos {(a;)ier }

which proves 2. and part of 1.
To verify the existence of A we have to show that

0 ¢ relint pos {(i)ier} (17)
Assume that there are (u;);e7 such that
0= Z Ui Ol all u; >0

ieT’

y,:y_tzuiai

€T’

Then for ¢t > 0

still lies in E,, and has the property that (x,y") < 0.
Moreover, if we choose t = _rniTn a;/u; then
746 "

y = Z (a; — tu;)og
ieT/l
is in pos {(a;)igr} and has smaller support than y. This contradicts the choice

of y. [
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Lemma 3.6.5 Let T C {1,...,d}, p € E* — {0} be such that T C T,,. Then
there exist A\ € E* — {0} such that

relint pos {(a;)ier} C relint pos {(a;)ier, }

Proof Assume that the result is false and let (7, ) be a counterexample with
T maximal.

Let E,0 = E, Nker u. By the previous lemma we may assume that for all
y € E, Npos{()igr} it is true that (u,y) > 0. Le. E, Npos{(a;)igr} lies on
one side of E,o whereas the («;);er lie strictly on the other side.

It is then easy to see that we may extend F,g to a hyperplane in F, separating
(04)ier from (;)igr. Hence T = T). This contradicts the fact that (T, u) was
a counterexample. n

Lemma 3.6.6 Let A € A — {0} be maximal for the partial ordering defined by
(14) Then Ay = By N E,.

Proof Certainly Ay C By N E). To prove the converse let

a; if 1e€Ty

Bi= _o it ig¢T

Let y be the element of By N E) \ Ay which can be expressed in the form

y:Zaiﬂi, all a; >0
ieT
with smallest possible T'. Note that 8; # 0 for i € T U T).
Claim pos{(5;)ier} N Ax = {0}.
Suppose not. Then there exist z = ZieT b;B; € Ay with b; > 0 and not all
b; = 0.

Let t = min;er a;/b;. Then y' = y — tz has smaller support than y. Fur-
thermore, since y = y' + tz, we see that y' € By N E) \ Ay, contradicting the
minimality of T'. This proves our claim. In particular T N7y = 0.

Using the Claim, we may now choose a u € E* — {0} strictly separating
(Bi)ier and (B;)ier, -

ILe.

VieTh: (u,fB;)<0
VieT: </u‘7ﬂl>>0

Hence T\ C T,.
We deduce that

—y= Zaiai € Exnpos{(a)iers}
iE€T

has the property that (i, —y) < 0.
But then by lemma 3.6.4 and lemma 3.6.5 there exists A’ € E* — {0} such
that T\ € T and

relint pos {(o;)ier, } C relint pos {(i)ier,, }
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But since A\ was chosen to be maximal under the partial ordering defined by
(14), we obtain a contradiction. [

Proof of Theorem 3.6.3 This is now a simple application of Theorem 3.5.4,
lemma 3.5.1 and lemma 3.5.2.

In the first case @, will have the homotopy type of Ay NS which is con-
tractible.

In the second case @) will have the homotopy type of dAx N S which is a
u) — 2 dimensional sphere. L]
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4 Applications.

In this section we retain the notations of the previous sections.

We will give some applications of Theorem 3.4.1. However, before we con-
tinue, it is useful to introduce the concept of stability.

A point z € X is said to be stable if for all A € Y(T) — {0} neither
lim¢_0 A(t)x nor lim; .o, A(t)z exists. Stable points have finite stabilizer and
closed T-orbit. They form an invariant open subset of X. One deduces that if
X has a stable point then d = dim R = dim R” +dim7 = h + s. It is easy to
see that X has a stable point if and only if for all A € Y(T') — {0} there exists
an ¢ such that (A, a;) > 0. This means that the weights of W do not lie in a
halfspace defined by a hyperplane in E going through the origin.

It will become clear below that 3.4.1 is best suited for cases where X has a
stable point. This is the most interesting situation from a geometric viewpoint.
Of course other cases can also be treated but then things are not as natural.

4.1 dim7T =1 or 2.

As a first application we note that it is easy to eyeball what the possible ®y’s
are if dim 7" is small.

Let us first consider the case dim 7T = 1. To avoid triviality we assume that
T acts faithfully on X. There are now two possibilities :

e X does not have a stable point. This is the trivial case. We obtain that
A = {0, /\} where ®q consists of one point and ®) consists of two points.
Hence H%.(X,0x) = H}% (X, Ox)%x where § is the Kronecker delta.

One obtains, using [2, Satz 4.10 and 4.12], that if RT # {0} then dim RT =
dy and R§ is Cohen-Macaulay. Of course this can be verified directly
without any difficulty.

e X does have a stable point. In this case A = {0, A1, A2} where ®; = () and
®,, = &), =2 points. If we put this information in cor. 3.4.2, we obtain
a simple proof for [7, Th 3.3 and Cor 3.4].

The conclusion of Theorem 3.4.1 may be written as :

gr Higu (X, 0x) = HY)! (X, 0x)"“ @HY? (X, Ox)" @ Hiyy (X, Ox) "
(18)

Let us now consider the case dim 7" = 2. We will assume that T" acts faithfully
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on W. In that case we can construct the following table

Type Dy dim H(®y, k)
i=—1]i=0|2=1
1 1 0 0
2 0 0 0
3 0 0 0
4 0 1 0
5 0 1 0
6 0 0 0
7 0 0 0

(we have used an iconic representation of @, which we hope is sufficiently clear).
Note that types 2 and 3 only occur if X has no stable point.

Cor. 3.4.2 together with the foregoing table gives now a complete description
of the groups Hpry, (RY) if dim T = 2. We will illustrate this in the case that

X has a stable point. It follows from the above table that if A # 0 then @) is
either the empty set, one point or two points. Hence we may define a partition :

A—{0}=AgUA UA_
Then there is the following analog to [8, cor 3.4].
Corollary 4.1.1 Assume that X has a stable point. Let UX C Z.% be the set of
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all integer solutions to
d
Z ait; =X
i=1

and define _
Ay ={Ae€ Ay |3aclUX:supp_a =Ty}

and similarly B
AX={XeA_ |3acUX:supp_a=T5}

Assume that R§ # 0 Then
depth Ry = min{(dx — 1)xeax, (dr)reax}
In particular Rg 1s Cohen-Macaulay if and only if

ITa| <1 for all X € Af and |Th| < 2 for all X € AX

Proof This is a direct consequence of cor. 3.4.2. For the criterion for Cohen-
Macaulayness we use that fact that dy = d — |T»| and h = d — 2 (using the
stability hypothesis). [

Remark 4.1.2 This criterion is particularly simple to apply if for all X € Ay :
ITs| > 1 and for all X € A : |T\| > 2. In that case RL will be Cohen-Macaulay
if and only if

YA€ Ay UA :PacUX :supp_a = T¥

To finish this section, we will give a criterion to decide whether A € A — {0}
belongs to Ag, to A or to A_. Note that A — {0} =5/~

Let us call A € S a local maximum if there exists an arc [A;,A2] C S
containing A in its interior, such that for all g € [MAo], d, < dx and dy,,
dx, < dyx. A local minimum is defined similarly. The following is easy to see.

Proposition 4.1.3 If A € S is a local maximum then A belongs to Ag. If X is
a local minimum then A belongs to A.. In the remaining case, \ belongs to A.

4.2 Relations with one-parameter subgroups.

If A € Y(T') then im \ is a subtorus of T. We will denote this subtorus also by
A. From Theorem 3.4.1 it is clear that the Cohen-Macaulayness of Ri is related
to the one-parameter subgroups of 7'. In fact one can prove the following result.

Theorem 4.2.1 Assume that R;OA is Cohen-Macaulay for allY (T)\{0}. Then
R§ is Cohen-Macaulay.

Proof First assume that X has a stable point (this is the easiest case). From
the fact that R;o y is Cohen-Macaulay for all A € Y/(T') \ {0} we deduce from

(18) that if dy < d — 1 then H;i{A (X,0x)L = 0. Hence the only terms that can
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contribute to the right hand side of (10) are those where A = 0 and those where
A#0,dy>d—1.

Assume for some i : HiT5~h=1(d, k) ® H;?A (X,0x)L #0. If A =0 we
have that i + s —dy — 1= -1 ori=d —s. If A # 0 then ®, # () and hence
1+ s—dy—12>0. Combining this with dy > d — 1 yields i > d — s. Therefore
H%.(X,0x)F =0if i <d—s=h and hence R} must be Cohen-Macaulay.

Now let us treat the general case. Using induction on dim 7" we will reduce
to the stable case.

For R£ to be non-zero, it is necessary that x factors through the image of
T in Endy(W). Hence we will assume this (otherwise the theorem is vacuous).
We then replace T' with its image in End(W') and x with the character through
wich it factors. This construction does not change R” nor Ri.

Assume that T does not act stably on X. Then there must be a A € Y/(T') —
{0} such that X does not contain a stable point for A. Since T acts now faithfully
on X we may assume that (after reindexing the o’s and possibly replacing A with
—\) that there is a d; < d such that (A, ;) =0if 1 <i <dy and (A, ;) >0
if di <i <d. Let W; C W be the subspace spanned by (w;)1<i<q4, and define
Ty =T/im A. Then the action of T" on W; factors through 7.

For use below we define Ry = k[W;], X1 = Spec R;. To solve

Zaiai =¥ (19)

with a; > 0 is equivalent to solving

d
> alha) = () (20)
i=d; +1
4 d
Zaiai = x- Z a;o; (21)
i=1 i=di+1

with a; > 0. .

Hence let (x;);j=1,..,~ be the characters of the form x — Zgﬁ_l agj)ai where
(al(]) = Gi)i=d,+1,..,d 1s a solution of (20). It is clear that there are only a
finite number of such solutions. Then (o;)i=1,.._a,, (Xj);j=1,..,~ factor through
characters of T7. We will use the same notations for these characters. A solution
to (19) does now correspond to a solution of one of the equations

dy
E At = X
i=1

Hence RT = @leRlT;(j and similarly RT = R[". Tt is easy to verify that these
isomorphisms are compatible with each other.

By induction, it is now sufficient to show that for all Ay € Y (T1)—{0} and for
all j, Ri‘;jo A, 18 Cohen-Macaulay. Suppose that Ri‘;(jo A, 18 not Cohen-Macaulay
for some A\ € Y(71) — {0}. By the results in 4.1 we may assume that X; has
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a Ap-stable point and dy, < d; — 1 (possibly after replacing A\; with —A;). Let
N/ € Y(T) be a lifting of \; and let \} = \/ — BA where B € Z. Then )|
is also a lifting of A;. Furthermore if B is large enough then (A, a;) < 0 for
i=dy+1,...,d. This implies that 7§ = )f,l and dy, = dy;.

Since Ri‘;{jo A, 18 not Cohen-Macaulay we know from 3.4.2 that there must
be a solution

bi(A1,00) 4+ -+ ba, (A1, aq,) = (A1, x;5) (22)

where supp_ (b1, ..., bq,) = T¥, -
(22) is equivalent to

by(N o) 4 -+ 4 ba, (N1, g, ) +a£ﬂ)+1<)\/1a04d1+1> +"~+a£lj)<)\’1,04d> =\, %)

and supp_ (b1, ... ,bdl,ag)ﬂ, cee, a&j)) = T)f,l.
This, together with the fact that dy, = dy, < dy —1<d—1, implies that
R;‘(i y is not Cohen-Macaulay, which contradicts the hypothesis. m
1

Theorem 4.2.1 has no converse. In fact, in section 4.5, we will give counter
examples to such a converse.

4.3 Stanley’s criterion

In [7] Stanley presents a tractable condition on x for R to be Cohen-Macaulay.
We now show how this criterion follows trivially from cor. 3.4.2 and Prop. 3.4.5.

Theorem 4.3.1 [7] Assume that x = 2?21 uio; with u; €] —1,0]. Then R is
Cohen-Macaulay.

Proof Assume that Ri is not Cohen-Macaulay and Rf # 0 (otherwise the

theorem is vacuous). Then according to 3.4.2 and 3.4.5 there exist A € A\ {\,}
and a = (ay,...,aq) € Z* such that

® X =aia1 + -+ aqoyq
e supp_a = {i| (A ;) >0}

We claim that we may assume that there is some «; such that (A, ;) > 0.
Suppose that this is not the case. Then, since A ¢ \,,, the hyperplane defined by
A intersects pos{(«;)i=1,...,¢} in an o; which is not an apex. Hence by displacing
A slightly we may make (\, o;) positive without changing Ty. In this way we
have not changed the equivalence class of .

Since by hypothesis x = Z?:l u;, u; €] — 1,0] we obtain that Z?:l(ai -
ui)()\7 ai> =0.

For a particular 4 there are two possibilities :

e (A, a;) > 0. Then a; < 0 and hence a; — u; < 0.

e (A, a;) <0. Then a; > 0 and hence a; — u; > 0.
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It follows that for every 4 either

a; =u; =0 (and hence (\, a;) < 0) (23)

or
N a)=0 (24)
Hence Vi : (A, o;) < 0 which contradicts our hypothesis about A. [

4.4 Finiteness

In this section we will look for a condition under which there are only a finite
number of x such that R§ is Cohen-Macaulay. To simplify things we will assume
that X has a stable point.

We start with two elementary lemmas, whose proof will be left to the reader.

Lemma 4.4.1 Let E be a vector space, and assume that x1,...,2, € E. Let
B be the cone spanned by the (x;);. Then there exists an x such that

(x+ B)N (i in> C iin

Lemma 4.4.2 Let E be a vector space. Assume that (B;)i=1,..m 15 a set of
polyhedral cones in E such that E — {0} = |J.*, int B;. Let (u;)i=1,...m € E.
Then \J~, (B; + u;) has bounded complement.

We will now verify the hypothesis for lemma 4.4.2 in the special case, we are
interested in. Denote by Apax the set of maximal elements for the partial
ordering defined on A — {0} by (14)

Lemma 4.4.3 Assume that X has a stable point. Then
|J intBy=E-{0}
XE€Amax
Proof Let x € E — {0}. Write
X:Zaiai all a; >0
€T

with 7" minimal. It is then well known that the («;);er are independent (com-
pare with [1, ex. 2.3.6]). To see this assume that there is a non-trivial depen-
dency 0 = >, bia;. Then for some ¢, x = >, (a; — tb;)a; will have positive
coefficients, but smaller support than T'. This contradicts the choice of T'. Hence
there are p € E* such that (u,«;) <0 for all i € T.

We then deduce from lemma 3.6.5 that there are X\ € Apnax such that

X € relint pos {(a;);er} C relint Ay C int By

where the last inclusion follows from 3.5.2 and 3.6.6. n
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The following result will be the main theorem of this section.

Theorem 4.4.4 Assume that X has a stable point. Then the following are
equivalent

1. VX € Apax : |Ta] > un

2. There are only a finite number of x € X(T) such that R§ is non-zero and
Cohen-Macaulay.

Proof 1. = 2. Assume that 1. holds. Denote by M the subsemigroup of X (T')

generated by aq,...,qq4. Since X is assumed to have a stable point, it is easy

to see that M is a group. Furthermore it is clear that R§ #0 <= xe M.
Let A be an arbitrary element of A,.x. Then by Theorem 3.6.3

- . k if i=uy—1
1 _ 1—1 / _ A
HY(®x, k) = H'™ (P, k) = 0 otherwise
One deduces that if
i =h— (|T\| — uy) then HT*~N"1(dy k) # 0 (25)

Note that h — (|Tx| — ux) < h by hypothesis. Let xy € M and assume that R
is Cohen-Macaulay. Then by (25) and corr. 3.4.2 x will not be of the form

z‘i: e @20 i €Ty
£ MO g, <0 i i g Ty

or equivalently x will not be in the set
Z (i) + Z Ny + Z N(~a;)
i€TS i€Ty i€TS
Now by lemma 4.4.1 there will be a ¢y € B) such that
Z Na; + Z N(—O&i) D(Bx+cey)NM
i€Ty ie€TS

Hence y will not be an element of

U By +c)\+ Z(—ai) (26)

A€ Amax €Ty

Now from lemma 4.4.1 and lemma 4.4.2 it follows that (26) will have bounded
complement. Hence there are only a finite number of possibilities for x.
2. = 1. Assume that there is a A € Apax such that |T)| = uy.

From the Hochster-Roberts theorem we know that R’ is Cohen-Macaulay.

Let
X=>_ b all b, e N

1€Ty
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Then to solve 4
X = Z a;0; all a; € N (27)
i=1

we have to solve
D ai(—ai) =Y (ai — b (28)
i@ T €T
Now the lefthand side of (28) is in ByNE, = A (using lemma 3.6.6) and hence
all (a; — b;);er, must be positive (here we use the hypothesis that |T)\| = wy).
This means that there must be a one-one correspondence between the solutions
to (27) and the solutions to

d
OZZCL;O@ all a; € N
i=1

by putting a; = a} + b;.
Therefore Rz; =~ R" as RT-modules and hence Rz; is Cohen-Macaulay. Since
there are an infinite number of choices for x, we are done. [

4.5 An explicit example.

In this section we will determine, for a particular pair (7, W), exactly when R£
is Cohen-Macaulay. In particular we obtain counter examples to the converses
of 4.2.1 and 4.3.1. It should be noted that Stanley has already given a simple
counter example to the converse of 4.3.1 [8, ex. 3.7]. If we analyze this example
with the help of 3.4.2 then we see that it is based on the fact that for some
X's d) may be so large that the term in (10) involving H;l(*A (X,0x) does not
contribute to Hé.(X,Ox) for 0 < i < h. This situation is somewhat special
however, and it will not happen if d is large enough and the weights of W are
distributed randomly in X (7). In contrast our examples will not be based on
the fact that the d) may be large.

We will take dim 7" = 2. In that case £ = E* = R? and the pairing ( , )
will be given by the usual inner product ((z1,x2), (y1,¥y2)) = T1y1 +z2y2. In the
sequel we will denote the elements of F and E* by the corresponding elements
in R2.

‘We will choose
W=(-1,02a0,1)% e 1,1)%2 ¢ 1,-1)%

Here the exponent 2 was chosen to avoid the low dimensional anomalies de-
scribed above. Bigger exponents work equally well.
Now A — {0} consists of eight elements, given by the following table

1 2 3 4 5 6 7 8
X 2D @) (L) | (2D [ (-2, -0 [ (-1,-2) [ (1,=2) | (2,—1)
dy| 6 4 6 4 2 4 2 4
uy | 1 2 1 2 2 2 2 2
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Figure 1:

In this table \;-)g are listed in counter clockwise direction and hence we deduce
from 4.1.3 that Ay = {\1, X3, \¢} and A = {2, A5, A7} If we then apply remark
4.1.2 we obtain figure 1.

A few words of explanation are due here. The weights of W have been
represented by fat dots. Hence there are four fat dots, each representing a
weight with multiplicity two. The origin has been marked by a +-sign.

The shaded area represents the elements x of X (7") where R§ is not Cohen-
Macaulay. Hence there are only a finite number of yx such that R§ is Cohen-
Macaulay. Since for every A € A—{0}, |T)\| > ., this is consistent with Theorem
4.4.4. Note that the PO-set structure defined by (15) on A is as follows :

° ° °
8 2 4 5 6 7

The interior of the re%ion bounded by the dashed lines in figure 1 are the char-
acters of the form Y. | u;a;, u; € —1,0]. In this case (but not always) these
are precisely the characters which satisfy the hypothesis of 4.2.1. Since they do
not fill all of the white area we obtain counter examples to 4.2.1 and 4.3.1.

Furthermore the regions marked by A and B are those points where H ii‘l (X,0x)%

d . . .
and HXA;‘ (X, (’)X)£ are non-zero. But since A4 and \g are contained in A, \4
8

and Ag have no influence on the Cohen-Macaulayness of R;
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4.6 The functional equation.

Since RY is a Z“-graded object, it has a Poincare series P(RY,t) where ¢ =
(t1,...,tq). It is well known that this Poincare series is a rational function. Let
Y =—-x—a3—--—ag. In[7] and [8] Stanley shows that often the following
functional equation holds

P(RLt) = (1)t "t P(RY ) (29)

In [7] he also gives necessary and sufficient conditions for (29) to hold.

We will do the same thing (if X has a stable point) using 3.4.2. As a result,
we obtain that if dim7 < 3 and X has a stable point then the fact that (29)
holds, implies that RY is Cohen-Macaulay.

If P(RT,t), t = (t1,...,tq) is a rational function then we will (as in [7])
denote by P(R],t)s the Laurent series expansion of P(RY, ) around co. This is
then a Laurent series in tfl, ey t;l. Furthermore the local cohomology modules
Hiprys (Ri) are Artinian and hence it is possible to define their Poincare series

as an element of t7Z[[t;!,...,t;']] for some v € Z9. There is the following

identity [7]
h

P(RY )0 = Y _(=1)'P(H{gr)+ (RY) 1) (30)
i=0
Note however that HERT)Jr(R){) =0ifi < 0orifi> h. Hence the bounds in

the summation on the right hand side of (30) are immaterial.
Using (10) we may then compute

P(RL t)eo = Y. > (1) dim HF*=BF(®y k)P(HP (X,0x)],1)
AEA i=—00
= D (-1)P TN PHE (X, 0x)7 1)
AEA

Let us from now on assume that X has a stable point. In that case ®q = 0.
We then obtain

P(RL t)oo = (1) *P(H{(X, 0x), )+ Y (—1)H (@0 P(HP (X, 0x)T,1)
AeA\{0}
Since X has a stable point : d — s = h. Furthermore using 3.3.2 we see that
P(H{(X,0x)T,t) =ty -t;'P(R], t71).
Hence we obtain
P(RY, )oe = (=1)"t7" -t PR, )+ Y ()P H (@2 P(HE, (X, Ox)% 1)
AeA\{0}

It also follows from 3.3.2 that the H;?A (X,0 X)z all have distinct negative sup-
port.
We have now proved the following theorem :
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Theorem 4.6.1 Assume that X has a stable point. Then (29) holds if and only
if for all X € A\ {0} either X(®y) =0 or there does not exist a = (a1,...,aq) €
Z* with supp_ a = S§ such that x = a10q + -+ + agaq.

We may use this theorem to prove the following result :

Proposition 4.6.2 Assume that X has a stable point and dimT < 3. Then if
(29) holds then Rf is Cohen-Macaulay.

Proof In this situation if A # 0 then x(®5) = —x(®}) (P was introduced in
3.4.4). @) is a subcomplex of the boundary complex of a spherical polytope of
dimension s — 1. Tt follows by inspection that if x(®y) = 0 then H*(®y,k) = 0.
Hence combining 3.4.2 and 4.6.1 yields that R£ must be Cohen-Macaulay. [

Remark 4.6.3 If dimT > 4 then Prop. 4.6.2 is no longer true. For example
if im T = 4 then ®) may be the disjoint union of a circle and a point. Then
X(®y) = —X(P4) = 0 but not all H (®y, k) are zero.

It is possible to construct an explicit counter example, but we will not bother
to do so.

A result similar to Theorem 4.4.4 can also be proved :

Theorem 4.6.4 Assume that X has a stable point. Then there are only a finite
number of x such that (29) holds.

Proof Given Theorem 4.6.1, the proof of the present Theorem is completely
similar to the proof of 1. = 2. in Theorem 4.4.4 except that (25) is replaced by

(®) # 0. .
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